ASSOCIATIVE CONFORMAL ALGEBRAS WITH FINITE 
FAITHFUL REPRESENTATION 



PAVEL KOLESNIKOV 

Abstract. We describe irreducible conformal subalgebras of Cendjv and build 
the structure theory of associative conformal algebras with finite faithful rep- 
resentation. 



1. Introduction 

The notion of a conformal algebra appears as an algebraic language describing 
singular part of operator product expansion (OPE) in conformal field theory f^. 
The explicit algebraic exposition of this theory (see, e.g., [Sl llSlIT^ ') leads to the no- 
tion of a vertex (chiral) algebra. Roughly speaking, conformal algebras correspond 
to vertex algebras by the same way as Lie algebras correspond to their associative 
enveloping algebras (see E] for a detailed explanation) . 

In the recent years a great advance in the structure theory of associative and 
Lie conformal algebras of finite type has been obtained. In ^| ^1 El 1181 02 , 
simple and semisimple Lie conformal (super)algebras of finite type were described 
(as well as associative ones). The main result of ^2] was generalized in ^ for finite 
pseudoalgebras. 

Some features of the structure theory of conformal algebras (and their represen- 
tations) of infinite type were also considered in a series of works (see |21 El 
Wl. 24, 25i 1211 Uni). One of the most urgent problems in this field is to describe 
the structure of conformal algebras with faithful irreducible representation of finite 
type (these algebras could be of infinite type themselves). In and [H), the con- 
jectures on the structure of such algebras (associative and Lie) were stated. The 
papers O^^Eni contain confirmations of these conjectures under some additional 
conditions. 

Another problem is to classify simple and semisimple conformal algebras of linear 
growth (i.e., of Gel'fand-Kirillov dimension one) [23 • In the papers [241 1251 I^I^Oj . 

this problem was solved for finitely generated associative conformal algebras which 
contain a unit f ,24..25) '). or at least an idempotent ( ,29. .30; ). The objects appearing 
from the consideration of conformal algebras with faithful irreducible representation 
of finite type are similar to those examples of conformal algebras stated in these 
papers. 

A combinatorial aspect of the theory of conformal algebras requires the notion 
of a free conformal (and vertex) algebra. Actually, it was stated in [5| what is 
to be the free vertex algebra. Studying of free conformal algebras was initiated 
in |26| . The basic notions of the combinatorial theory of associative conformal 
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algebras (Grobner-Shirshov bases, Composition-Diamond lemma) were considered 
in [SIEIIZI 

The class of conformal algebras coincides with the class of pseudoalgebras ^ 0] 
over the polynomial Hopf algebra k.[D], where D is just a formal variable, k is a 
field of zero characteristic. In general, a pseudoalgebra over a cocommutative Hopf 
algebra H is just an algebra in the pseudotensor category associated with H 
Therefore, the notion of a pseudoalgebra provides the common point of view to 
the theory of ordinary algebras {H = k) and to the theory of conformal algebras 
{H = k[D]). In particular, for every finitely generated i/-module V one can define a 
pseudoalgebra structure on the set of all i7-linear (with respect to the second tensor 
factor) maps V ^ H ® H ®h V 1, Proposition 10.1]. The pseudoalgebra obtained 
is denoted by GendV (conformal endomorphisms). This is a direct analogue of the 
ordinary algebra End U of all linear transformations of a vector space U . 

From now on, let k be an algebraically closed field of zero characteristic, and 
let H = k[£'] be the polynomial algebra in one variable D. By dx we denote the 
operator of formal derivation with respect to a variable x. We will also use the 
notation a;'") = x''^ /n\^ n G Z-|_, where Z+ means the set of non-negative integers. 

Our purpose is to develop the structure theory of associative conformal algebras 
with faithful representation of finite type (as a corollary, we obtain the classifica- 
tion of simple and semisimple associative conformal algebras of finite type p2|). 
The main point of this theory is an analogue of the classical Burnside theorem on 
irreducible subalgebras of the matrix algebra MAr(k). The last statement says that, 
if a subalgebra S C M^Q^) acts irreducibly on k^ (i.e., there are no non-trivial 
submodules), then S = MAr(k). A similar question for conformal algebras was 
raised by V. Kac [52]. In this context, the "classical" objects k, k^, M^i^) should 
be replaced with H, V/v, CendAr, respectively. Here Vm is the free iV-generated 
-ff- module, CendAr = CendVjv. The associative conformal algebra CendAr (and its 
adjoint Lie conformal algebra gCjy) plays the same role in the theory of conformal 
algebras as MAr(k) (respectively, gljv(k)) does in the theory of ordinary algebras. 

The paper j^j contains a systematical investigation of the algebra CendAr: the 
structure of its left/right ideals and their modules of finite type, classification of 
(anti-) automorphisms and involutions, etc. Since the algebra CendAr is the main 
object of our study, we will also state some of these results. 

In the paper 22^ the following statement was conjectured: every irreducible con- 
formal subalgebra C C CendAr is either a left ideal of CendAr or a conjugate of the 
current subalgebra (in the last case, C is of finite type). In [^, the second part of 
this conjecture (i.e., finite type case) was derived from the well-developed represen- 
tation theory of Lie conformal algebras of finite type ^Hl- Also, the conjecture was 
proved in [H] for A'^ = 1 as well as for unital conformal subalgebras. 

We prove this conjecture in general fTheorem l5.5.1(l . Moreover, although it fol- 
lows from |13[ 122] that any simple associative conformal algebra of finite type is 
isomorphic to the current conformal algebra over M„(k), we focus on the indepen- 
dent proof of this fact. 

The paper is organized as follows. In Section|2]we state the definitions of confor- 
mal algebras and their representations. Also, we write down the general construc- 
tion of an associative conformal algebra: given an (ordinary) associative conformal 
algebra A with a locally nilpotent derivation d, the free i7-module H ® A could 
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be endowed with the structure of an associative conformal algebra 122 US] 
denoted by DifF A. 

In Section |3| we introduce the conformal algebra CendA? = Cend Vn {N is a 
positive integer) which is the main object of our study. This conformal algebra 
is isomorphic to Diff Af7v(lk[w]), where w is a formal variable, and d = dy is the 
usual derivation with respect to v. Therefore, Cend^v could be identified with 
MNik[D,v]). 

As a main tool of our investigation we use a correspondence between conformal 
subalgebras of CendAr and subalgebras of Mn{W), where W — k{p, q \ qp~pq = 1) 
is the 1st Weyl algebra. This correspondence is provided by a construction called 
operator algebra, which is very close to the annihilation algebra 1221 ■ Namely, 
for any conformal subalgebra C C Cend^v we consider the ordinary algebra S(C) C 
Afjv(VF) which consists of linear operators on Vn corresponding to all elements 
of C. If C is a left (right) ideal then so is S{C). Moreover, C has a canonical 
structure of a (left) 5'(C)-module. 

In Section 01 we prove some properties of operator algebras. First, we show 
that for any irreducible conformal subalgebra C C Cendjv its "expanded" operator 
algebra k[p]S{C) is a dense subalgebra of Mjv(VF) with respect to the finite topol- 
ogy 120] . The rest of the section is devoted to the properties of "small" operator 
algebras (i.e., those of linear growth) corresponding to conformal subalgebras of 
finite type. Roughly speaking, we show that if S* = S{C) C Mjv(VF) is an opera- 
tor algebra of linear growth corresponding to an irreducible conformal subalgebra 
C C Cend AT, then C is a conjugate of the current subalgebra of CendAr. In this 
way, we obtain an independent description of irreducible conformal subalgebras of 
finite type [3 Theorem 5.2]. 

Section [S] contains the main results of the paper. The basic point is to describe 
all irreducible conformal subalgebras of CendAr. First, we show that if C C CendAr 
is irreducible, then 



where Cendjv,Q = MN{k[D,v])Q{—D + v), Q = Q{v) is a nondegenerate matrix 
with polynomial entries. 

It is left to consider three cases: 

1) the sum (jl. 0.1(1 is direct; 

2) CnvC ^0; 

3) the sum is non-direct, but C Cl vC = 0. 

The first case is considered in Section Using the results of Sections 14 . 21 and [4.31 
we show that C is a conjugate of the current subalgebra of CendAr. In the second 
case, we use the method proposed in |9| Section 2] for = 1: in Section [Ql we 
reduce the computation to the one-dimensional case and obtain C = Cend at. q. The 
third case is impossible, as we show in Section 

In Section 15.51 we complete the classification of irreducible subalgebras (Theo- 
rem |^^^ and proceed with the structure theory of associative conformal algebras 
with faithful representation of finite type: we describe simple and semisimple ones. 
Moreover, we show that any conformal algebra of this kind has a maximal nilpotent 
ideal. As a corollary, we obtain the classification theorem for associative conformal 
algebras of finite type |221- 



(1.0.1) 




n>0 
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2. CONFORMAL ALGEBRAS AND THEIR REPRESENTATIONS 

In this section, we state necessary definitions and constructions from the theory 
of conformal algebras. 

2.1. Definition and examples of conformal algebras. 

Definition 2.1.1 (|2l])- A vector space C endowed with a Hnear map D and with 
a family of bilinear operations o„, n S Z+, is said to be a conformal algebra^ if 

(CI) a o„ 6 = 0, for n sufficiently large, a, 5 S C; 

(C2) Da o„ b = —na o„_i b; 

(C3) a o„ Db = D{a o„ b) + na o„_]^ b. 

The axiom (CI) allows to define so called locality function TV : C x C — > Z+. 
Namely, 

(2.1.1) 7V(a, b) = mm{N G Z+ | a o„ = for aU n>N}, a,b <E C. 

Every conformal algebra could be considered as a unital left module over H = 
k[D] endowed with a family of sesquihnear (i.e., satisfying (C2), (C3)) products o„, 
n G Z_|_, such that the locality axiom (CI) holds. 

For any pair of ZJ-invariant subspaces (i/-submodules) X,Y C C the space 
X Y = J2 XonYis also an i?-submodule. 

An ideal of a conformal algebra C is an i/-submodulc I Q C which is closed 
under all multiplications by C, i.e., C o^^ I ^ I o^^ C Q I . Left and right ideals are 
defined analogously. 

A conformal algebra C is simple, if C o^^ C 7^ and there are no non-trivial 
ideals. 

For any ideal / of a conformal algebra C one can define descending sequences of 
ideals and by the usual rule: /(^^ = = I, /(") = 

j(n-i)^ jn _ Y^^gZl I'^ n > 1. An ideal / is said to be solvable (resp., 

nilpotent), if I*^"-' — (resp., /" — 0) for sufficiently large n. If a conformal algebra 
C has no non-zero solvable ideals then C is called semisimple. 

If a conformal algebra C is finitely generated as an i/-module, then it is said to 
be of finite type (or finite conformal algebra) . 

A homomorphism : Ci — > C2 of conformal algebras is a Z3-invariant linear map 
such that (f)(a o„ b) = 4>{a) o„ 0(6), a, 6 g Ci, n G 

For any conformal algebra C in the sense of Definition 12.1.11 there exists an 
ordinary algebra A such that C lies in the space of formal distributions ^[[z, 2:"^]], 
where D = dz and the o„-products are given by 

(2.1.2) a{z) o„ 6(z) = Res a{w)b{z){w - z)", neZ+. 

w—Q 

Such an algebra A is not unique, but there exists a universal one denoted by Coeff C. 
Namely, for any algebra A such that A[[z, z~^]] contains C as above, there exists a 
homomorphism Coeff C A such that the natural expansion Coeff C[[2;, 2;"^]] — > 
yl[[z,z~^]] acts on C as an identity |22l EEI- The algebra Coeff C is called the 
coefficient algebra of C. 
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There is a correspondence between identities on CoefF C and systems of conformal 
identities on C . In particular, CoefF C is associative if and only if C satisfies 

(2.1.3) (a o„ 6) o„ c = X!^^-^)'' 

s>0 

or 

(2.1.4) a o„ (6 o„ c) = ^ ( j (a o„_g 6) o^+j c, 



s>0 



for all n,m € Z_|_. The systems of relations (|2.1.3ll and (|2.1.4|l are equivalent. Also, 
Coeff C is a Lie algebra if and only if C satisfies 

(2.1.5) a o„ 6 = - ^ o„+, a), 

s>0 

(2.1.6) a o„ (b o„ c) - 6 o,„ (a o„ c) ^ J2 (") (" ^) °m+s c 

s>0 

for all n,m E Z+. 

A conformal algebra C is called associative, if CoefF C is associative, i.e., if C 
satisfies (|2.1.3f) or (|2.1.4|l . Analogously, C is called Lie conFormal algebra, iF CoefF C 
is a Lie algebra, i.e., if C satisfies (|2.1.5|l and (|2.1.6|l . It is easy to note that the 
notion of solvability coincides with nilpotency in the case of associative conformal 
algebras. 

Proposition 2.1.2 (see, e.g., Let C be an associative conformal algebra. 

Then the same H-module C endowed with new operations 

(2.1.7) [ao„6]=ao„&-^(-l)"+^i?(^)(6o„+, a), a,6eC, neZ+, 

is a Lie conformal algebra denoted by C^^-*. □ 

Example 2.1.3. Let A be an (associative or Lie) algebra. Then formal distribu- 
tions of the form 

a{z) = at^z-""-^ e A{t, t-i][[z, z-i]], a £ A, 

together with all their derivatives span a conformal algebra in ^[i, [[z, 
called the current conformal algebra Cur A. The operations H2.1.2|) are given by 



a{z) o„ b{z) 



(a6)(z), n = 0; 
0, n>0. 



The conformal algebra Cur A is associative or Lie if and only if so is A. 

Example 2.1.4. Consider A — k{t, t^^, d \ dt — td— 1). Then formal distributions 
of the form 

v^{z) = t^d'^z-"-^ e A[[z, z-^]], m G Z+, 

riGZ 

together with all their derivatives span a conformal algebra in A[[z, z^^]] called the 
Weyl conformal algebra. 
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Example 2.1.5. Consider the element L ~ vi from the previous example. It is 
easy to compute that the one-generated i/-submodulc H(E)k.L of the Wcyl conformal 
algebra is closed under operations H2.1.7|l : 

[L oo L] = -DL, [L oi L] ^ -2i, [L o„ L] ^ 0, n>2. 

The Lie conformal algebra obtained is called the Virasoro conformal algebra. 

2.2. Representations of associative conformal algebras. Remind that H = 
k[D] is a Hopf algebra, so ® could be considered as the outer product of 
regular right iJ-modules (the action is given hy {f ® g) ■ D — fD 5 + / gD). If 
{hi I J G /} is a linear basis of H, then {hi CE) 1 | j g /} is an iJ-basis of the right 
i?-module H ® H (see, e.g., 1, Lemma 2.3]). 

Definition 2.2.1 (,14). Let be a unital left H-vnodxAe. A linear map 

a:V ^ {H ®H)®hV 
is said to be a conformal endomorphism of V, if a{fv) — ((1 /) ®h l)i('f ) for any 

Denote the set of all conformal endomorphisms of V by CendV. For any a G 
CendV^ there exists a uniquely defined sequence {a„}5^o of (ordinary) k-lincar 
endomorphisms of V such that: 



(2.2.1) a„(w) =0 for n sufficiently large, v €V; 

(2.2.2) [a„, D] = na„_i, n e Z+; 

(2.2.3) a(«) = E ((-7^)(") ® l)0ifa„(v), v &V. 

n>0 



Conversely, any sequence {anlJ^Lo ^ Endk V" satisfying H2.2.1|l and 12.2.2|l defines 
a conformal endomorphism a € Cend V via (|2.2.3|l . 

For any a,b € CendV define the sequences {{Da)n}^=o and {(a o„j b)n}^^Q, 
m G Z+, by the following rules (see, e.g., TS", Section 3]): 

(2.2.4) {Da)n = [D, a„] = -na„_i, 

(2.2.5) (a o„ b)n = J2 {-lY{™)am-sbn+s- 

s>0 

It is clear that these sequences satisfy (12.2. Ill and (12. 2.211 . so the conformal endo- 
morphisms Da, a Om b (m G Z+) are defined. 

For an arbitrary iJ-module V, the vector space Cend V endowed with the opera- 
tions D and (to G Z+) given by TTIM and satisfies (C2) and (C3). The 
locality property (CI) does not hold, in general. However, if F is a finitely generated 
i?-module, then (CI) holds, so Cend V is an associative conformal algebra. 

Let C be a conformal algebra, and let F be a left unital i?-module. li g : C ^ 
Cend y is a linear map such that 

g{Da) = Dgia), g{a o„ b) = g{a) o„ g{b), a,b G C, n E Z+, 

then C = g{C) C CendV is a conformal algebra. By abuse of terminology, we 
will say that p is a homomorphism of conformal algebras (although Cend V is not 
necessarily a conformal algebra). 

Definition 2.2.2 ('[Tl 1111 \T[\ \'2'2\ ). A representation of an associative conformal 
algebra C on a left unital i?-module F is a homomorphism g : C ^ CendV of 
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conformal algebras. If C has a representation on V, then V is said to be a module 
over conformal algebra C (or C-module, if the context is clear). 

The last definition is equivalent to the following one ^Jj: an iJ- module V is a 
module over an associative conformal algebra C, if there is a family of o„-products 

(2.2.6) o„:C(^V^V 
such that 

(Ml) a o„ w = 0, for n sufficiently large, a £ C, v & V; 

(M2) Da o„ V — —na o„_]^ v] 

(M3) a o„ Dv = D{a o„ ti) + na o„_]^ v; 

(M4) a o„ (6 o„, v) = '^i^]{a On-s b) o^_^^ v. 

s>0 ^'^^ 

A representation g : C ^ Cend V is called faithful, if g is injective. If ^ is a 
finitely generated TJ-module, then g is said to be a representation of finite type (or 
finite representation). 

In the case of ordinary algebras, every algebra which has a faithful finite-dimensi- 
onal representation is finite-dimensional itself. It is not the case for conformal 
algebras: there exist infinite conformal algebras with faithful finite representation. 

2.3. Differential conformal algebras. Let A be an associative algebra with a 
locally nilpotent derivation d. We consider the free 7?-module H A as a.n asso- 
ciative conformal algebra. Notice that by (C2), (C3) it is sufficient to define the 
family of o„-products between elements of the form 1 ^ a, a E A. Hereinafter we 
identify I (E> a with a £ A. 

Proposition 2.3.1 (see, e.g., 015311^). (i) The family of On-products 

(2.3.1) ao„ & = ac)"(fe), a,b e A, 

defines an associative conformal algebra structure on H ®A. The conformal algebra 
obtained is denoted by Diff A. 

(ii) The same is true for another family of operations: 

(2.3.2) (ao(„) 6) =^L>('*) ®a"+'*(a)fe, a,b A. 

s>0 

The conformal algebra obtained is denoted by Diff° A. □ 

Proposition 2.3.2. DiS A ^ DiS° A. 

Proof. The isomorphism ip : Diff A Diff° A is given by 

s>0 

the inverse (p^^ : Diff° A Diff A could be defined via 

ft a ^ J2i-D)^'^h ® d^a). 

s>0 

Direct computation shows that (p{a o„ b) = (p{a) o^^) (p{b). □ 
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In ^1 12S] , an associative conformal algebra obtained by either of the construc- 
tions p. 3. 1(1 . H2.3.2|l is called differential. 

Example 2.3.3. Let A be an (associative) algebra, and let d be the zero derivation: 
d{A) = 0. Then Diff A = Diff° A is exactly the current conformal algebra Cur^ 
(Example EOl. 

Example 2.3.4. Consider A — k[v], and let d = dy he the usual derivation. Then 
the conformal algebras Diff A and Diff ° A are isomorphic to the Weyl conformal 
algebra ('Example l2.1.4|) . 

Example 2.3.5. Let X be a set of symbols (generators), v ^ X, and let A = 

k{X, v) be the free associative algebra generated by X U {v} endowed with the 
derivation d — dy. Consider a conformal subalgebra of Diff A generated by the set 
|^(Af-i)2. I 2; g X}, > 1. This subalgebra is isomorphic to the free associative 
conformal algebra generated by X with respect to the constant locality function 
N{x, y) = N, x,y e X (see ESI)- 

The last example shows that every finitely generated associative conformal alge- 
bra is a homomorphic image of a subalgebra of a differential conformal algebra. 

It was conjectured in _25j that every annihilation-free (see for rigorous ex- 
planation) associative conformal algebra is just a subalgebra of some differential 
conformal algebra. Example 12 . 3 . 51 confirms this conjecture for free associative con- 
formal algebras. 



From now on, we will use the term "conformal algebra" for associative conformal 
algebra, unless stated otherwise. 

3.1. Construction. Let us introduce the main object of our study: the conformal 
algebra CendA? = CendViv, where Vn is the free iV-generated i/- module. We will 
use the following presentation of CendAr. 

Consider the algebra AfAr(k[w]) of all N x iV-matrices with polynomial entries 
endowed with the derivation dy with respect to the variable v. Denote the conformal 
algebras Diff A/Ar(k[w]) and Diff° AfAr(k[w]) by SIat and 21^^, respectively. Also, there 
is the usual multiplication on H ^ Mjv(k[f]) as on MN{k.[D, v]), and the following 
property of '21n is clear: 

(3.1.1) v{a o„ b) = va o„ b, a o„ vb = va b + na o„_x b. 

Let us fix an _ff -basis {ei, . . . , e^} of V^, and let U C Vn be the finite-dimensional 
subspace spanned by this basis. Since [/ ~ k^, the free if- module Vn could be 



identified with 77 (g) = . For any element a = J2s>o(-^)^'^ ^ ^Itv, 

As{v) e Mjv(k[u]), consider the following sequence of k-linear endomorphisms of 
Vn: 



s>0 ^ ^ 

It is easy to see that this sequence satisfies (|2.2.1|) and (|2.2.2|) . so it defines a 
conformal endomorphism d G Cend^r. 

Proposition 3.1.1 ('[Tl ll3[l^l24| '). The map a a is an isomorphism of confor- 



3. Conformal algebra CendA? 



(3.1.2) 




mal algebras SIat and CendAr. 



□ 
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Remark 3.1.2. It follows from Proposition 12 . 3 . 2l that 

21a, ~ 21^ ~ CendAT . 

The isomorphism ip from Proposition l2 . 3 . 21 corresponds to the map 2ljv — > 21^ given 
hy D^D,v^D + v. In|ni 122], the second construction (|2.3.2|l was used for 
CendAf. We will preferably follow and use the o„-products H2.3.1|) for CendAf- 

From now on, identify CendAr with '^n = H ® MNi}s.[v\), where A{v) o„ B{v) = 
A{v)d:(B{v)). 

Definition 3.1.3. A conformal subalgebra C C Cendjv is called irreducible, if there 
are no non-trivial C-submodules of Vn- 

3.2. Operator Algebras. Let us fix an i7-linear basis of Vat, and identify Vn with 
H (g) as above. For every a £ CendA, and for every n E Z+ consider the k-linear 
map 

a{n) — a„ : Vn Vn, a{n) : u a o„ w, we Vn, 
given by l|3.1.2|) . Introduce a new variable p instead of D in this context, and set 
q = dp. Thus, we get a{n) G Mn{W), where W = k{p, q \ qp — pq = 1) is the (1st) 
Weyl algebra. The axiom (C2) implies {Da){n) ~ —na{n — 1) = —dqa{n), where 
dq is the partial derivation with respect to q. 

In fact, the set 5(CendAr) — {a{n) \ a G CendAr, n G Z+j is a linear space with 
multiplication (composition) given by 

(3.2.1) a{n)b{m) = ^ f " j (a o„_, b){m + s). 

s>0 

It is easy to note that S'(CendAr) = AIn{W). 

For every i?-submodule X of CendAr one may consider the subspace 

S{X) = {a{n) \ aeX,jieZ+}C 5(CendAr). 

If C is a conformal subalgebra of CendAf, then S{C) is a 9q-invariant subalgebra of 
Mn{W). The same is true for left and right ideals. 

Definition 3.2.1. Let C C CendAr be a conformal subalgebra. The subalgebra 
5(C) of Mn{W) is called the operator algebra of C. 

Let us consider the topology (called q-topology, for short) on Mn{W) defined by 
the sequence of the left ideals generated by q", n > 0: 

Mn{W) D MN{W)q D • ■ • D MN{W)q" D ■ ■ ■ D 0. 

It is clear that this topology is equivalent to the finite topology [201 defined by the 
canonical action of Mn{W) on Vn- 

Definition 3.2.2. A sequence {an}5?Lo: "^n ^ Mn{W), is called differential, if 
dq{an) — nun-i (we mean 9„(ao) = 0) and lim a„ = (in the sense of g-topology) . 

n — >QO 

Lemma 3.2.3. Let {a„}5^Q be a differential sequence. Then there exist a finite 
number of matrices As G MAr(k[p]), s = 0, . . . ,m, such that 




for all n G . 
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Proof. By the definition of a diff'ercntial sequence, there exists an integer to > 
such that an S MN(W)q for all n > m. Then we may represent the element a™ in 
the following form: 



s=0 



s _ 

where Aq, . . . , Am G Afjv(k[p]). For every n > we may write 



s— ^ ^ k>m,+ l 



The conditions a„ G AfTvlW^)? (for n > to) and 9ga„ = na^-i imply Bf. = for all 
k > m. □ 

Proposition 3.2.4. ^ subalgebra S C MAr(Ty) is an operator algebra of some con- 
formal subalgebra C C Cendjv if and only if every element of S lies in a differential 
sequence of elements from S. 

Proof. US — S{C) for some C C Cendjv, then every a(m) G 5* (a G C, m > 0) lies 
in the differential sequence {a{n)}^^Q. 

Let us prove the converse. By Lemma r-i.2.31 every differential sequence {a„}5^Q 
corresponds to a finite family of matrices Ag G A/jv(k[p]). Consider the elements 



"^(-D)'-"^ (g, A,{v) G CendAT 



corresponding to all differential sequences in S. It is clear that these elements 
form a conformal subalgebra C of CendAr. Indeed, let a,b d CendA? correspond to 
{o-n}^=o and {bn}?^=o, respectively. Then Da corresponds to {— 9q(a„)}^g, and 
a o„j b corresponds to {c„}J^q, where Cn — J2 (™)am-s&n+s (it is easy to see 

i5>0 

that these c„'s form a differential sequence). It follows from the construction that 
S{C) ^S. □ 

Definition 3.2.5. Let S C Mj^{W) be a subalgebra satisfying the conditions of 
Proposition 13 . 2 . 41 Then the conformal algebra C constructed is called the recon- 
struction of S (c.f. T", Section 11]). We will denote it by TZ{S). 

In particular, every operator algebra S — S{C) C Mn{W) is 9q-invariant. 
Hence, the subspace k[p]S = S -\- pS -\- p"^ S + . . . is also a subalgebra of Mjm{W). 

Proposition 3.2.6. A conformal subalgebra C C CendAr is irreducible if and only 
if the subalgebra Si = k[p]S'(C) acts irreducibly on Vn ■ 

Proof. Let C be an irreducible conformal subalgebra. For every 7^ u G Vjv the 
following H-modvAe is also a C-module: 

Vu = H{a On u \ a G C, n G Z+}. 

If Vu = 0, then {u G Vn | = 0} is a non-trivial C-submodule. Hence, Vu = Vn- 

Then for every w G Vn there exists a finite family {at^Ui, fi}, ai € C, Ui G 

/; G H, such that w = fiio-i Om u). Then for the S'-module Vn we have 

i 

w = Y1 fi{p)ai{ni)u G Siu. 

i 

The converse statement has a similar proof. □ 
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Proposition 3.2.7. The algebra Mn{W) acts on the vector space CendAr. The 
action is provided by 

(3.2.2) a{n) ■ b ~ a o^b, a,b E CendAr, n e Z+. 

Proof. The explicit expression for the action is 

It is straightforward to check the relation (|3.2.2|l and the associativity. □ 

Corollary 3.2.8. For every conformal subalgebra C C CendAr we have S{C) -C C 
C. □ 

Corollary 3.2.9. If C CendAr is a conformal subalgebra, then C is a left ideal 

ofn{s{c)). 

Proof. Let x G TZ{S{C)) be an element, corresponding to a differential sequence 
{bn}^=o, bn G S{C). Then x{n) = 6„ for all n > 0. For every a € C we have 
X On a ~ bn ■ a € C. □ 

3.3. Automorphisms of Cend^v and Mn{W). In this section, we consider a 
relation between automorphisms of Cendjv and Mn{W). We will also obtain the 
full description of automorphisms of CendAr, as in 0|. 

Proposition 3.3.1. Every automorphism of the conformal algebra Cendjv in- 
duces an automorphism 9 of Mn{W): 

(3.3.1) 9:a{n)^e{a){n). 

This automorphism is dq-invariant and continuous in the sense of q-topology. 

Proof. First, let us show that the map (|3.3.1|l is well-defined. Suppose a{n) = 
b{m) G Mn{W). Without loss of generality we may assume n = m, so it is sufficient 
to show that a{n) ~ implies Q{a){n) — 0. If a{n) — 0, then a — £)"+^a; for some 
X e Cendiv, and 8(a) = L)"+^9(x). Hence, Q{a){n) = and 6 is well-defined. 

It follows from H3.2.1(l that 6 is an automorphism of Mn{W). Moreover, since 
{a(n)}5^Lo is a differential sequence, we may write 9{dq{a{n))) = n9{a{n — 1)) = 
n<d{a){n — 1) = dq{9{a{n))). Hence, 9 is 9q-invariant. 

Let us consider the image of e = 1 C>5 Iat under Q. If 0(e) = a G CendAr, then 
9{q") = a{n). The sequence {a{n)}'^^Q is differential, and 6'(MAr(k[p])) = MN(k[p]) 
since 9 is 9g-invariant. It is easy to note that, under these conditions, 9 has to be 
continuous in the sense of g-topology. □ 

Example 3.3.2. Let us consider the map Qa,Q ■ CendAr — * CendAr such that 

(3.3.2) eo,^Q{a{D, v)) = (1 ® Q-\v))a{D, v + a)Q{-D ®l + l®v), 

a e k, Q, Q^^ G AfAr(k[w]). It is straightforward to check that 0q.q is an automor- 
phism of CendAr (see IH]). The corresponding automorphism 9a,Q of Mn{W) acts 
as follows: 

Qa.Q ■■ a{p,q) ^ Q^^{p)a{p + a,q)Q{p). 

It is shown in that Qa.Q exhaust all automorphisms of CendAr. Later we will 
also obtain this result. 
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Lemma 3.3.3. Let 6 be a dq-invariant automorphism of Mn(W). Then 9{p) = 
p + a, 9{q) = q - B{p), where a ek, B{p) G Mn{}s.[p\). 

Proof. Since 0{MN{h[p])) = Mjv(k[p]), we have 6{p) G MN{k.[p]). The relation 
[p, AfAr(k[p])] = impHes 9{p) to be a scalar matrix: 0{p) — f{p)lM = f{p). Anal- 
ogously, dq{e{q)) = 1, so e{q) = (? - B{p) for some B{p) G Mm{W\)- Then 
9{[q,p\) = [q- B{p),f{p)] = f'ip) = 1, so, deg/ = 1. □ 

Lemma 3.3.4. (i) Let 6 be an automorphism of Mi^{k.[p\) such that 6{p) ~ p. Then 
there exists a nondegenerate matrix Q G MN{k[p]) such that Q^""^ G A/jv(lk[p]) and 
e{X) = Q-^XQ for all X G MN{k[p]). 

(ii) Let 9 be an automorphism of Mn{W) such that 6{p) = p. Then 6{q) = 
q — B{p), where B — h{p) — Q^^Q' for some polynomial h{p) G k[p] and invertible 
matrix Q G MN{k[p]), Q' ~ dp{Q). 

Proof, (i) Denote 5*0 = 9^^{MN{k)). It is easy to see that k[p]S'o — Mjv(k[p]) and 
the sum 

(3.3.3) ^p"S'o = Mjv(k[p]) 

n>0 

is direct. 

Let us consider the canonical action of 5o on Vat. Relation implies that 

Squ ^ for every 7^ u G Vat. So there exist non-zero finite dimensional Sq- 
submodules of V^v, and we may choose a non-zero S'o-submodule Uq of minimal 
dimension over k. Since Sq is simple, the 5o-module is faithful and dimjc C/q = N . 

Consider ui, . . . , mat G Vat such that C/q — kui © ■ • ■ © ku^. Then these vectors 
are linearly independent over the field of rational functions k{p). Indeed, let there 
exist fi{p), . . . , fN{p) G k(p) such that 

(3.3.4) fi{p)ui + --- + fN{p)uN =0 

(it is sufficient to consider only fi{p) G k[p]). Then we may choose G 6*0 = 
Endk /7o such that aiUj = SijUj. Since [6*0, k[j)]] = 0, the relation H3.3.4() implies 
/i(p)"j = for every j = 1,...,N. 

In particular, the matrix P = (ui, . . . , un) has non-zero determinant. In general, 
P-I does not lie in MN(k[p]), but we stiU have Uq = Pk^ , p-^SoP = Mjv(k). 
Then allows to conclude that P-'^MNik[p\)P = MN{k[p\). The last relation 

implies P = g{p)R, where R,R~^ G A'lN{k[p]), g{p) G k[p]. For the matrix R 
obtained we also have R~^SoR — Mjv(k). 

Let T be the automorphism of Mjv(k[p]) defined as the conjugation by R. Then 
the composition 61 = t o preserves p and M7v(k). Hence, 61 acts as the con- 
jugation by a nondegenerate matrix, i.e., 61 : x ^ TxT~^ for some T G MAr(k). 
Finally, 9 is the conjugation by invertible matrix Q = RT G M^iklp]). 

(ii) Since dq{a) = [a,p] for every a G Miq{W), we may conclude that 9 satisfies 
the conditions of Lemma 13.3.31 

It follows from (i) that there exists an invertible matrix Q G M^iklp]) such that 
the restriction 9\mm(i>s\p]) is just the conjugation by Q. 

If Sq = 9-^{MN{k)), then iov q + A = 9-\q) we have [q + A^Sq] = 0. So 
[Q-\q + A)Q, M7v(k)] = 0, and the matrix Q-\q + A)Q ^q + Q-^AQ + Q-^Q' 
has to be scalar. In particular, Q~^AQ + Q~^Q' = h{p) for some polynomial h{p). 
Hence, A = h{p) - Q'Q-'^. But 9{A) = Q'^AQ by (i), so 9{q) = q- 9{A) = 
q-{h-Q-^Q'). □ 



ASSOCIATIVE CONFORMAL ALGEBRAS WITH FINITE FAITHFUL REPRESENTATION 13 



Theorem 3.3.5. Let 6 be a dq-invariant automorphism of Mn{W). Then 

= Oa,Q,h ■■ a{p, q) Q^'^{p)a{p + a,q- h{p))Q{p) 

for some a ek, h{p) e h[p], Q,Q^^ G Af7v(Ik[p]). 

The automorphism Oa^q^h is continuous if and only if h{p) = 0. 

Proof. By Lemma 13.3.31 there exists a G k such that 0{p) — p + a. Consider 
Ti = da,iN-0; then the composition 9i = o 6 preserves p: 0i{p) = p. 

Lemma 13.3.41 implies that there exist a polynomial h g k.[p] and an invertible 
matrix Q G il/Ar(k[p]) such that Oi{q) = q — h{p) + Q^^Q' and 6*1 |Mjv(k[p]) is the 
conjugation by Q. Consider T2 = QQ,Q,h, then T2{q) = Oi{q). Since T2 preserves p, 
we may conclude that the composition 02 = o 9i is just the identity map. So, 

It is clear that Oa^q^ is continuous in the sense of g-topology. If h ^ 0, then 
^a,Q,h is not continuous since the sequence Oa,Q,h{<f') = Q~^{q — h{p))^Q does not 
converge to zero. □ 

Corollary 3.3.6 ([5] Theorem 4.1]). Any automorphism of CgtiAn is of the form 
ea,Q, as in f:01). 

Proof. If Q is an automorphism of CendAr, then the corresponding automorphism 9 
is of the form da,Q,o by Proposition 13 . 3 . Tl and Theorem 13. 3. 51 By the construction, 

e(a)(n) = Oa,Q,o{a{n)) = Qa,Q{a){n), 

so e = 6q,q. □ 

Proposition 3.3.7. Let C C CendAr be a conformal subalgebra, and let 9 : S{C) — * 
S be an isomorphism from S{C) onto a subalgebra S C Mn{W). Lf 9 is dq-invariant 
and continuous, then there exists an injective homomorphism : C — > T^iS) of 
conformal subalgebras. 

Proof. Since 9 is 9g-invariant and continuous, the subalgebra S satisfies the condi- 
tions of Proposition 13 . 2 . 4l 

For every element a G C the sequence {9{a{n))}^^Q is differential. By Lemma 
13.2.31 there exists an element a G CendAr (moreover, a G TZ{S)) such that a{n) = 
9{a{n)) for all n > 0. The map : a a is an injective homomorphism of 
conformal algebras. □ 

3.4. Left and right ideals of CendAr. In this section, we state some results of 
Section 1] on the structure of left and right ideals of CendAr. 

The following description of one-sided ideals was obtained by B. Bakalov. 

Proposition 3.4.1 ([HI)- The conformal algebra CendAr is simple. Every right 
ideal o/ CendAr has the form Cendp^AT = P(v) CendAr, where P G MAr(k[i;]). Every 
left ideal has the form CendAr,Q = CendAr (p~^{Q) = CendAr Q{—D (g) 1 + 1 v), 
where Q G A/Ar(k[w]), f is the isomorphism from Proposition \2.'J.'^ □ 

Lemma 3.4.2 ( 9 ). Every CendAr. g, detQ 7^ 0, is a conjugate 0/ CendAr. d, where 
D is the canonical diagonal form of Q, i.e., D = diag(/i, . . . , /Ar), every fi is 
monic, and fi \ fi+i. □ 

Proposition 3.4.3 (IHl)- Conformal subalgebra CendAr,Q C CendAr is irreducible 
if and only if det Q ^ 0. □ 



14 



PAVEL KOLESNIKOV 



Example 3.4.4. Consider C = AfAr(k[_D]) C CendAr. This subalgebra is just the 
current conformal algebra Curw = Cur AfAr(k). It is clear (see also 9.) that Cur at 
is irreducible since S'(CurAr) = MAr(Ik[(3']) and k[p]S'(CurAr) = Mn{W). 

It was conjectured in ^22 that 9o,T(Curjv), T,T~^ £ Mjv(k[w]), and CendAr^Q, 
Q G MAr(k[w]), detQ Oi exhaust all irreducible subalgebras of CendAr. In Sec- 
tional we will prove the conjecture. 

Proposition 3.4.5 IfdetQ ^ 0, then: 

(i) every left ideal o/CendAr,Q is of the form GendN^TQ, T G MAr(k[w]); 

(ii) CendAr,Q is a simple conformal algebra. □ 

Remark 3.4.6. The structure of right ideals of CendAr. g, detQ 7^ 0, was also 
described in 0. In fact, every right ideal of CendAr, q is of the form PCendAr,Q, 

P e MNiHv]). 

4. Properties of operator algebras 

4.1. Density of irreducible subalgebras. Proposition 13 . 2 . b1 shows the relation 
between irreducible conformal subalgebras of CendAr and irreducible subalgebras 
of Mn{W): if C C Cendjv is irreducible, then Si = k[p]S{C) C Mn{W) acts 
on Vpf irreducibly. The examples of irreducible conformal subalgebras provided 
by Proposition 13.4.31 and Example 13.4.41 correspond to dense (in the sense of q- 
topology) subalgebras of MAr(W^). In this section, we prove that the density of 
k[p]S{C) is a necessary property of an irreducible conformal subalgebra C. 

Let us remind the classical Density Theorem by N. Jacobson. Consider a prim- 
itive algebra S over a field k with a faithful irreducible left S'-module V. One may 
identify S with its image in Endk V. The centralizer T) = {(p € Endik V \ [(p, S] — 0} 
is a skew field over k. The module V could be considered as a right vector space 
over I?°P, where 2?°p is anti- isomorphic to 1). There exists the natural embedding 
of S into £ = Endpop V. 

Theorem 4.1.1 f|2()j). The algebra S is a dense subalgebra of £ in the sense of 
finite topology, i.e., for any V""^ -independent family ui, . . . ,Un G V and for any 
wi, . . . , Wn G V there exists a £ S such that aut = wi, i = \, . . . ,n. □ 

Theorem 4.1.2. Let S C M]^{W) be a dq-invariant subalgebra such that pS C S. 
If S acts on Vn irreducibly, then S is a dense subalgebra of M]sf{W) in the sense 
of q-topology. 

Proof. Let us fix 7^ a G S*. By T> C End^ Vn we denote the centralizer of S. For 
any G P the relations [(f), a] — [4>,pa\ = imply 

(4.1.1) [</',p]a = 0. 

But for every b € S we have 

since [p,b] = —dqb G S. Hence, [4>,p] G I? is either invertible or zero. The first is 
not the case because of (|4.1.1|l . so [0,p] = 0. 

Let us fix an iJ-basis {ei,...,e7v}of Vat- Since [(/),p] — 0, the matrix of (j) in the 
k-basis {ei, . . . ,eN,pei, . . . ,peAr,p^ei, . . . ,p'^eN, . . .} of T^jv has the block-triangular 
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form 



Mo 










^0 









^0 









where Aq is a matrix from M]\i{k). Let A G k be an eigenvalue of Aq. Then the 
transformation — Al^r Ues in V, and it is not invertible. Hence, (fi — XIn, A G k. 

Thus, V — k. Theorem 14. 1 . II imphes S" to be a dense subalgebra of Endj; V/y in 
the sense of finite topology. It is clear that the finite topology is equivalent to the 
g-topology on Mis[{W), so S is dense in the sense of g-topology. □ 

4.2. Operator algebras of linear growth. In this section, we prepare some 
additional facts about operator algebras of Gel'fand-Kirillov dimension one. These 
subalgebras correspond to conformal subalgebras of finite type. We will essentially 
use the following result of |28| . 

Theorem 4.2.1 (|2H|)- Let S be a finitely generated prime unital algebra such that 
GKdim S ^ \ . Then S is a finitely generated module over its center. □ 

Proposition 4.2.2. Assume that S C Miq{W) is a dq-invariant subalgebra such 
that Si = k[p]S is prime and satisfies ascending chain condition (a.c.c.) for right 
annihilation ideals. Then S is prime. 

Proof. Suppose that S is not prime, i.e., there exist non-zero ideals I, J < S such 
that IJ = 0. 

If either / or J is 9q-invariant, then (k[p]/)(k[p] J) = 0, where k[p]/,k[p] J <; 5*1. 
Since Si is prime, either / or J is zero. 

Consider the following ascending sequence of ideals of S: Jq = 0, Ji — J, 
Jn+i — Jn + dq{Jn) for n > 1. It is easy to show by induction on n that /J„ C J„_i. 
In particular, /" J„ = for every n > 0. 

Since Si satisfies a.c.c. for right annihilation ideals, there exists m > 1 such that 

Anns, (/) C Anns, C ■ • • C Anns, = Anns, = • • • • 

We have shown that J„ C Anns, (/"), so for every p > m the ideal Jp lies in 
Anns, (/™). In particular, J™ Jo — 0, where Jd — U is a 9q-invariant ideal. If 

n>0 

J™ 7^ 0, then we obtain a contradiction as it was shown above. 

Therefore, it is sufficient to prove that S has no non-zero nilpotent ideals. By 
the very same reasons as stated above, S has no non-zero 9q-invariant nilpotent 
ideals. 

It is easy to note that, if /" — 0, then (/ + dq{I))'^ — 0. Hence, for every 
nilpotent ideal I < S and for every m > the ideal I + dq{I) + ■ ■ ■ + dq^{I) is 
also nilpotent. If / ^ 0, then we may choose 9^ a £ / and consider the ideal la 
generated in S by all derivatives of a: la = (a, dq{a), . . . , d™[a)) <i S. This ideal is 
9g-invariant and lies in / -I- 9^(7) + • ■ • + so la is nilpotent. As it was shown 

above, /q in contradiction with a ^ 0. □ 

For a subalgebra S C Mi^{W) denote by Z{S) the center of S. If Si is a 
subalgebra of M^iW) such that Si 3 S, then by Zs, {S) we denote the centrahzer 
of S 'u\ Si. li S and Si are Q^-invariant, then so are ^s, {S) and Z{S). 
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Lemma 4.2.3. Let S C Mn{W) be a finitely generated prime dq-invariant suhal- 
gehra such that GKdimS' = 1 and Zmi^(w)^[p\S) = k. Then there exists a matrix 
A £ AfAr(k[p]) such that q + Ae Z{S). 

Proof. Although S is not supposed to be unital, it is still possible to apply Theorem 
14.2.11 since 5 + k also satisfies the conditions of the statement. By Theorem 14.2. II 
S" is a finitely generated module over its center Z{S). In particular, Z{S) ^ 0,k. 
Since Z{S) is 9g-invariant, there exists a non-zero element y G Z{S) D MN{k[p]). 
But [y,p\ = 0, so ?/ e k and k C Z{S). Now, let x G Z{S) \k. We may assume that 
dq{x) e k, hence, x = q + A, where A £ MN{k[p])- O 

Proposition 4.2.4. Let S C Mn{W) be a dq-invariant subalgebra such that 

(4.2.1) ^p^S = Mn{W). 

n>0 

Then there exists a dq-invariant automorphism 9 of Mn{W) such that 9{p) — p 
and 0{S) = MN(k[q]). 

Proof. It is clear that S is finitely generated and GKdim S ~ 1 (see, e.g., |2Z1)- Since 
Mn{W) is (left and right) Noetherian ^^1, it satisfies a.c.c. for right annihilation 
ideals. By Proposition 14.2.21 the algebra 5* is prime, and by Lemma 14.2.31 there 
exists X ^ q + A e Z{S). 

Moreover, for every 9g-invariant ideal / < S" its "envelope" k[p]L is an ideal of 
Mn{W). Thus, either / = or k[p]L = Mn{W). The last relation implies I ^ S 
since the sum (|4.2.1|l is direct. Therefore, S has no non-trivial 9q-invariant ideals. 

Denote Sq — S Ci ALff{k[p]) = Kei dq\s. For every fc > 1 let us define Sk = {a € 
S I dq{a) e Sk-i}- Since dq is locally nilpotent, we have 

5=|j5fc, Sk^Kerd^^+'\s. 

k>0 

It is easy to show by induction on k that 

(4.2.2) Sk^ Sq + Sox + --- + SqxK 

Indeed, it is clear for fc = 0. For every fc > 1 and for every a G Sk we have 

d'q (^a-^dq{a)x^ =0, 

so a — jdq{a)x G Sk-i. Since dq{a) G S'fe-i, we may use the inductive assumption. 
Hence, (|4.2.2f) is true. 

It is also clear that for every fc > the sum (|4.2.2|) is direct. So, = © •S'oa;" and 

GKdim Sq — 27 . The algebra Sq has no non-trivial ideals since S is differentially 
simple. Moreover, for this simple finite-dimensional algebra Sq we have 

k[p]So^^p''So = MN{k[p]). 

Hence, there exists an isomorphism 6* : S'o — > MAr(k) which could be extended 
via 9(x) = q, 9{p) = p to a 9q-invariant automorphism of Mn{W) such that 

9{S) ^ MN{k[q]). □ 



ASSOCIATIVE CONFORMAL ALGEBRAS WITH FINITE FAITHFUL REPRESENTATION 17 



4.3. Operator algebras of current-type subalgebras. The main result of this 
section could be stated as follows: if there exists a 9g-invariant automorphism of 
Mn{W) such that an operator algebra S = S{C) goes onto MAr(k[(7]), then C 
is a conjugate of Cur^r by an automorphism of CendAr (i.e., C is a current-type 
conformal subalgebra of CendAr). To prove this, we will show that one may choose 
the isomorphism in Proposition 14. 2 to be continuous. 

Let h e k[p] be a polynomial. Consider two sequences of polynomials in p: 
{h(n)}n>a and {ft.[„]}„>o such that 

(4.3.1) /i(o) = h[o] = 1, /i(„) = -M(„_i) + ft.(„_i), h[n] = hh[n^i] + h'^n-i]- 

It is easy to see that these sequences are constructed by the following reason. For 
any n > we may write 

(4.3.2) {q-hy ^ anip.q)q + \„), {q + h)'' = b^ip, q)q + h[^] 
in the Weyl algebra W. 

Lemma 4.3.1. For every k > we have 

(4-3.3) eQ:^)/^[.-?iv-) = 

Proof. The case ^ = fc is obvious, so we will concentrate our attention on the case 
£, < k. For k — 1, £^ = the relation H4. 3.3(1 is clear. Suppose that H4.3.3|l holds for 
some integer k and for all ^ < k. Then for fc + 1 instead of k and for £, = k the 
corresponding equality in ((4.3.3|l is also true. For ^ < fc we have 




k 



k+1 



s=?+l 
k 



s}) 



□ 



Corollary 4.3.2. For any £^ < k we have 
Lemma 4.3.3. Let 



k>0 



-fc 
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be an element of Mn(W). Replace q with x — h, where x = q + h, and consider the 
presentation 

Then 

(4.3.5) Ak=Y,(jBs{p)h^k-s]- 

s>0 

Proof. Since dx — dq — [■,p\ on M^iW), we may assume Aq ~ Bq, Ai — BQh-\- Bi. 
For greater A:, the relation H4.3.5|) could be proved by induction. Indeed, 

s=0 ^'^^ 

so by the assumption 

Ak = Bk - EE (t) i')jBi^[^-^]hk-s), 
s=0 5=0 ^' ^ 

and it is sufficient to apply l|4.3.4|l . □ 

Lemma 4.3.4. Let C C CendA? he a conformal suhalgebra such that S{C) — 
M^mq + h{p)]). Then dcg /i = (or h = 0). 

Proof. Consider an arbitrary element a G C: 

n 

a^Y.'^-D)^''') (^Ak{v)j^O. 

k=0 

Then 

(4.3.6) a(n + l) = E + e5(C) =Afjv(k)b + Mp)]- 



We may assume that Aq ^ 0: otherwise, a = Z?*^"'^^^?), b G CendAr, to > 2 and it is 
sufficient to consider a{n + m) instead of a(n + 1) (although the element b may not 
lie in C, the operator b{n + 1) lies in 5(C) — MN{k[q + h{p)])). Rewriting 1^ 
by using q — x ~ h gives 

Bn+i = E ( k ^ MN{k). 

k=0 ^ ^ 

But Lemma [4.3.31 and Lemma [4.3.11 implv that 

Bn+l = E ( t )(j^'^'^lk-s]hn + l-k) 



k,s=0 



s=0 ^ ' k 



(4.3.7) = -Ef"!')^^^ 



s''' n+1 — si • 
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If deg h > Q, then the term of highest degree m (|4.3.7|l corresponds to s = 0: 

Bn+i = —Aoh[n+i] + terms of lower degree ^ MN{k). 
Hence, either h — or degh = 0. □ 

Theorem 4.3.5. Let S C Mjs[{W) be a subalgebra satisfying the conditions of 
Proposition \4-.2^\ and Proposition \3.2.'^ i.e., S = S{C) for a conformal subalgebra 
C C CendAT . Then there exists an automorphism O of the conformal algebra CendAr 
such that 0(C) — Cur^r- 

Proof. By Proposition l4.2.4l there exists a 9g-invariant automorphism 9 of A/jy (W) 
such that 9{S) — Mff{k[q]), 9{q + A{p)) = q. The matrix A{p) is defined up to an 
additive scalar, i.e., instead oi q + A{p) one may consider q + A{p) + a G Z{S), for 
any a £k. Theorem 13 . 3 . 51 implies that 9 = 9o,Q.h, A — h{p) — Q'pQ~^, and we may 
assume that h{0) = 0. 

Consider the automorphism 6o,q of the conformal algebra CendAr, and denote 
Qo,q{C) = C^. Then the subalgebra 

S"3 = 5(C"3) = Q-^S{C)Q c Mn{W) 

is also isomorphic to A/jv(k['7]), and the isomorphism is given by 9qj^ji, where 
h{0) = 0. 

By Lemma|03|/i = 0, so 9 — 9q q q is continuous by Theorem l3 .3.51 Proposition 
ESiHand Corollary EZSl imply </ 7^(M^r(k[g])) = CurAr. It is well-known that 
every left ideal of Cur is of the form H (S^ Iq, where Iq </ (k) ■ If C"^ = H (E) Iq, 
then S"3 = MN{k[q]) = Jo k[q]; hence, Iq = Mrfik). Thus, we obtain C"^ = 
CurAT. □ 

5. Irreducible conformal subalgebras 
5.1. Preliminary notes. 

Theorem 5.1.1. Let C C CendAr be an irreducible conformal subalgebra. Then 
(5.1.1) k[v]C = C + vC + v'^C + ■■ ■ ^ CendAr,Q, 

where Q = Q{v) G AfAr(k['y]) is a nondegenerate matrix. 

Proof. By Proposition 13 . 2 . 6l the subalgebra = k[p]S{C) acts irreducibly on Vn. 
So Theorem 14 . 1 . 21 implies to be a dense subalgebra of Mn{W) in the sense of 
q-topology. In particular, for every A{p)q'^ £ Mpf{k[p])q'^, and for every integer 
M > n + 1 there exists oa^u^m G Si such that aA,n,M — A{p)q" G AlN{W)q'^'^ , i.e., 

aA,nM = A{p)q" + x{p, q)q^' 

for some x{p, q) G Mn{W). 

The i?-submodule Ci = k[w]C C CendAf is also a conformal subalgebra of CendAr 
(see ami ), and S{Ci) = Si. So Corollary rTTHl implies 5i • Ci C Ci. 

Let us fix an element 6 G Ci: 

m 
s=0 

For any n > 0, choose an integer M > n + m + max deg^{Bs). Then by 

s— 0,...,m 

Proposition 13.2.71 

aA,n,M ■ b = A{v) o„ 6 G Ci 
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for every A{p)q" E AdN{W). Hence, Ci is a left ideal of CendAr, and by Proposition 
13.4. II it is of the form CendAr^Q for some Q £ Mjv(k['i;]). Proposition 13.4.31 implies 
det Q 7^ 0. ' □ 

Lemma 5.1.2. (i) If I is a left (right) ideal of C, then k.[v]I is a left (right) ideal 
ofk[v]C = CcndAT.Q. 

(ii) IfO^I<C, then k[v]I = CendAr^g. 

Proof. Statement (i) easily follows from (|3.1.1|l . 

To prove (ii), it is sufficient to note that k[v]I 7^ is an ideal of CendAr g for every 
non-zero ideal / of C. By Proposition 13. 4. fjT ii). the conformal algebra CendAr.g is 
simple, so k[v]I = CendAr^g. □ 

Proposition 5.1.3. // there exists an element a E C such that a ^ and v^a G C 

for all k >0, then C — CendAr,Q. 

Proof. It is clear from (|3.1.1|l that I = {a € C \ v^a G C, A: > 0} is an ideal of 
C. In particular, k[v\I = /. If / 7^ 0, then by Lemma [5.1. 2f ii) we have C ^ I — 
k[v]I = CendAr,Q. □ 

For every irreducible subalgebra C C CendAr there exist three options as follows: 
Case 1: the sum (|5.1.1|l is direct, i.e., 

(5.1.2) CendAr^Q = 0t-"C. 

n>0 

Case 2: CDvC ^ 0. 

Case 3: the sum (|5.1.1|l is non-direct, but C n vC = 0. 

We will show that the first case corresponds to the current-type conformal sub- 
algebras, the second one gives C = CendAr,Q, and the third one is impossible. 

Without loss of generality we may assume Q to be in the canonical diagonal form: 
Q = diag(/i, . . . , /at), where fi are monic polynomials and fi \ fi+i. Indeed, for 
an arbitrary Q G MAr(k[^;]), detQ ^ 0, there exist U,T e MN{k[v]), detU,detT e 
k \ {0}, such that TQU — D, where D has the canonical diagonal form. Then for 
= Qo^u{C) we have k[7;]C'^ = Cend^v,!), and all the conditions described by 
Cases 1-3 hold. 

5.2. Finite type case. Now, let us consider Case 1. Throughout this section 
C is a conformal subalgebra of CendAr satisfying H5.1.2f) for a fixed matrix Q = 

diag(/i,...,/w), 0^/, ekM,i = i,...,7V. 

Lemma 5.2.1. (i) If h{D)a G CendAr, q for some hE H, then a G CendAr.g. 
(ii) For S — S{C) we have 

(5.2.1) Mjv(iy)g = 0p"5. 

ri>0 

Proof, (i) Consider U = CendAr / CendAr^g as a module over the conformal algebra 
CendAr. If h(D)a G CendAr,Q, then a — a + CendAr,Q lies in the torsion of U. In 
particular, CendAr a G CendAr.g. But there exists e = 1 ig) lAr G CendAr such 
that e oq a = a G CendAr^g. 

(ii) Suppose that the sum (|5.2.1|l is non-direct. Since {Da){n) = —na{n — 1), we 
may consider 

= ao{n) H +p™am,(n), G C, n > 0. 
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Then for a = ao + vai + • • • + v'^am G CendAr^g wc obtain a(0) = • • • = a{n) = 0, 

1. e., a = The statement (i) imphes b G CendAr.g, so 6 = bo + vbi + - ■ ■ + v'^bk, 
bi e C. Since (|5.1.1|l is direct, we have k = m and D"^^bi = a^, so ai{n) = for 
all i = 0, . . . , TO. □ 

Therefore, the operator algebra S — S{C) of the initial conformal subalgebra C 
satisfies (|5.2.1f) . Consider the presentations of all elements 

s>0 

i, j = 1, . . . , TV, m 0, . . . , max deg fj + l, aij„i.s e S, 

j=l,...,N 

where are the matrix units (so CijQ = Sijfj)- The finite set of all aijm,s together 
with all their derivatives d^aijm,s generates a 9g-invariant subalgebra 5*0 of 5. 
Denote 5'oi — k[p]5o, then S'oi is a 9<j-invariant subalgebra of 5*1 = Mn{W)Q. 

Lemma 5.2.2. (i) GKdim5oi = 2; 
(n) ZM^{w){Sai) = k; 
(iii) S'oi has no non-zero nilpotent ideals. 

Proof, (i) Since GKdim Mn{W) — 2, we have CKdimSoi < 2. Let us consider the 
subalgebra Sqo generated by /len, qfiCn in S'oi. If deg/i > 0, then GKdimSpo = 

2, so GKdimSoi = 2. If deg/i = 0, then we obtain that Wen Q Soi, hence, 
GKdim Sqi = 2 as well. 

(ii) Let a e -Z = 2mjv(w) ("S'oi)- Then, in particular, [eijfj,a\ = 0, so a is a 
diagonal matrix. Moreover, [peijfj,a] = = \p,a]eijfj for all i,j = 1,...,N. 
Hence, [p,a] = 0. By the very same reasons [a,q] = 0. Since all fj are unital, we 
conclude that a — al^v, a G k. 

(iii) If 7^ / <i Soi, then for any a G / and for all i,j,k,l = 1, . . . ,N the element 
fjeijafkeik lies in /. In particular, / contains an element gen for some ^ g ^ W. 
Then /" 9 5"eii ^ for all n>l. □ 

Lemma 5.2.3. (i) Soik[q] = Mn{W); 
(ii) if I <ir Soi, then Ik[q] <i^ Mn{W). 

Proof, (i) If Q = Ijv (i.e., deg/i — . . . — deg fjy = 0), then the statement is clear. 
If deg fj > for some j G {!,..., N}, then consider 

Soi 3 q'^fje^j = fjq'^e^j + kdp{fj)q''-^e,j + ■■■ + 9p(/j)ey , 
fc = 1, . . .,degfj. 

It is clear that dp{fj)eij G Soik[q] for all fc = 1, . . . ,deg/j, so, eij G Soik[(7]. 

(ii) It follows from (i). □ 

Proposition 5.2.4. The algebra Sqi is prime and satisfies a.c.c. for right annihi- 
lation ideals. 

Proof. First, let us show that Soi satisfies a.c.c. for right ideals of the form 
AnnSoAX) = {ae Soi \Xa^O},XC Sol 

Consider an ascending chain of right annihilation ideals of Soi: 

/i C /2 C . . . , 4 = Annsol (Xk), Xk C Soi- 

By Lemma f5.2.3f ii). /ik[g] C /2k[g] C . . . is an ascending chain of right ideals of 
Mf^f{W). Since Mn{W) is a Noetherian algebra we have /„k[g] = /„+il 



22 



PAVEL KOLESNIKOV 



for a sufficiently large number n. In particular, In+i C /„k[g]. Thus, Xnln+i Q 

XnlnHq] = 0, SO In+1 = /„ . 

Now, suppose that there exist two ideals /, J <i ^oi such that IJ = 0. li I ^ 0, 
then by Lemma l5 . 2 . 2r iiil the ideal / is not nilpotent. By the very same reason as 
in the proof of Proposition 14.2.21 we may assume that J is 9q-invariant. 

If J is a non-zero 9q-invariant ideal of S'oi , then by Lemma l5.2.^{r ii) Ji = J}s.[q\ <\r 
Mm{W) is also 9q-invariant. Moreover, ^oiJi C Ji. Then for every pair 
i, j — I, . . . , N, there exist k, I G {1, . . . , TV} such that eikfkJisijfj 0. Thus, we 
have Jij — Ji Ci CijW ^ for all ?, j = 1, . . . , iV. It is clear that Aij — [a & W \ 
aCij € Jij} <r W, and dq{Aij) C Aij. Then Aij — gij{p)W for some polynomial 

N 

7^ 9ij £ ^[p\- III particular, P — 9ii^ii G Ji is a diagonal matrix such that 
detPy^O. 

The relation /J = implies IJi = {IJ)k[q] = 0, so IP = 0. Then / = since 
det P 7^ 0. □ 

Corollary 5.2.5. Q = 1^, CendAr,Q = Cendiv, 

Proof. By the construction, 5oi = © p">S'o, so GKdimS'o = 1. Lemma I4.2.HI 

n>0 

implies that there exists a matrix A G A/Ar(k[p]) such that g + A G Z{So). Then 
dp{x) = [x,A\ for every x G S'q. 
Let us consider 

Sqi3 Q ^ ao +pai H hp"a„, G ^o- 

Then 

dp{Q) = dp{ao) +pdp{ai) H hp"9p(a„) + ai H h np""^a„. 

On the other hand, 

[Q,A{p)] = dp{ao) + pdp{ai) H +p"9p(a„). 

So, dp{Q) — [Q,v4(p)] G S'oi C AfAr(iy)Q. It is easy to note that it is not possible, 
if deg fj ^ for at least one j G {!,..., N}. □ 

Theorem 5.2.6 ( 9, Theorem 5.2]). There exists an automorphism = 0o,p of 
CendAT such that Q{C) — CurAr. 

Proof. By Lemma l5.2.1f ii'l and CoroUarv 15.2.51 the operator algebra S = S{C) 
satisfies the conditions of Theorem 14.3.51 The last statement implies that C is a 
conjugate of Curjv. □ 

5.3. The case CDvC ^ 0. Let C be an irreducible conformal subalgebra of CendAr 
such that C n ^ 0. 

Remind the definition of the map ip from Proposition 12.3.21 For any element 
a = f(p) ® A{v) G ® MAr(k[-i;]) we put 

(^(a) = (/(D) (8)1)A(D (8)1 + 1®!-), 
^^^{a) = [f[D)®\)A{-D®\^\®v). 



First, let us consider the main technical features of [HI concerning the description 
of irreducible subalgebras for iV = 1 . 
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Lemma 5.3.1 (c.f. Section 2]). The following relations hold in CendAr; 

10, n > 0, 

(5.3.2) (1 ® A)ip-\B) o„ (1 ® Ai) = 1 Ad:}{BAi), 

(5.3.3) (1 ® A)^-^{B) o„ (1 ® Ai)(^-i(Bi) - (1 ® A9,"(BAi))^-i(5i), 
w/iere A, B, e MAr(k[w]). 

Proof. Note that 

^-^(i?) = 5](-D)(^)® 9,^(5), 

SO ()5.3.1() follows from the axiom (C3). 

Relation H5.3.2|l follows from (C2) and the Leibnitz formula. In order to obtain 
(|5.3.3|l one may use (|5.3.1|l . (|5.3.2|l and the associativity relation (|2. 1.4(1 . □ 

Theorem 5.3.2 (IHI). Let C C Cendi be an irreducible conformal subalgebra, and 
let C nv Cendi ^ 0. Then C = Cendi.Q for some ^ Q e k[v]. 

Proof. By Theorem l5.1.1l k[ti]C = Cendi^Q. Let 7^ a e C be an arbitrary element. 

m 

Let us present it as a = ^ Z?* ® a^.. Consider ip{a), where tp is the isomorphism 

n 

from Proposition 12.3.21 Present b = (p{a) = ^ £)* (gi bt- Here am,bn e k.[v] \ {0}. 

t=o 

Then 

n 

a^^-\b) = Y.^D' ®l)^-\bt). 

t=Q 

It follows from (|5XT|l . (C2), (C3) that A/'(a, a) = n + 771 + 1 and 

a On+m a = a On+m '^""^(&) 

= (-l)™(m + ?^)!(l®a™)(p-i(6„). 

So, (1 am)(^^^(6„) g C. Since C Civ Cendi ^ 0, we may assume deg„ a™ > 0. 

Therefore, C contains an element of the form (1 ® g)f~^{f), f,g & \ {0}, 
degy g > 0. Consider two elements of this form in C (they might be equal): a — 
(1 (g) g)(p-^{f), b = {1(E) g)ip-^{h). It follows from lf533|) that N{a,b) = n + 1, 
where n = deg^ / + deg^ g, and 

ao„6 = 7(l®5)^-i(/7), 7ek\{0}, 
a o„_i 6 = 7'(1 0(11 + a)g)(p-'^{h), 7' e k \ {0}, a £ k. 

So we may conclude that (1 (g) vg)(p''^{h) G C as well as (1 g) v''g)ip^^{h) £ C for 
all fc > 0. Hence, the conditions of Proposition 15 . 1 . 3l hold and C — Cendi^g. □ 

We will use this technique in the general case. 

Theorem 5.3.3. Let C C CendAr be an irreducible conformal subalgebra, and let 
C n wC / 0. Then C = Cendjv.g for some Q e A/Ar(k[w]), detg 7^ 0. 
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Proof. By Theorem 15X11 k[v]C = Cendjv,Q, detQ ^ 0. Let h = {a e C \ va £ 
C} ^ 0. It is clear that Ii is a non-zero ideal of C. Moreover, /2 = {a G /i | wa G /i} 
is also non-zero: for example, Ii o„ Ii C I2 (it follows from Lemma [5. 1.2^ 11 that 
h °u} h 7^ 0). One may define Ij. — {a £ Ik-i \ va e Ik-i} for every fe > 1. By the 
same way, Im °n Ik ^ Ik+m , so all Ik are non-zero ideals of C 

By Theorem 15.1.11 there exist an integer m > and some elements S C, 
i = 0, . . . , m, such that the element En^q = (1 eArAr)(/9~^((3) G CendAr^g is 
presented as 

En,Q = a^ + vai^ h u^a™, 

where Cnn is the matrix unit. 

Consider an clement 7^ a e htn+i such that cnno-gnn = f{D,v)eNN, where 
7^ f{D,v) G Cendi. (Note that eNNhm+i^NN = is impossible by Lemma 
I5.1.2r ii^.) It follows from (|3.1.1|l that En^q E^^q C C. For example, 

En,q °a va o„ En,q = {vfN{v)f{D,v) o„ ip^'^{fN{v))){l ® cat at) 

lies in C for any n G Hence, the conformal algebra C contains matrices of the 
form 

Oy^ X = vg{D, v){l (g) Cat at), 

where g{D, v) G Cendi. By the very same reasons as in the proof of Theorem 15. 3. 21 
we conclude that there exists an element y £ C such that y and v'^y £ C for 
all fc > 0. Hence, by Proposition 15 . 1 . 3l we have C = CendAr,Q. □ 

5.4. The case C D vC — 0. Let C D vC — but the sum H5.1.1|) is stiU non-direct. 
Then there exists a minimal n > 1 such that the sum C + vC + • • • + t;"C is 
direct. Let us use the following notation: for a subspace X C CendAr we denote 
X + VX + --- + v^X by {v^^)X. 

The set Ji = {a G C I v^^+^a £ (i>^")C} is a non-zero ideal of C. If Ji = C, 
then k[i;]C = C © ® ■ • ■ © i;"C = CendAr.g. 

If Ji ^ C, then we may construct Jk+i = {a £ Jk \ w"+^a G (t^-") Jfe} for fc > 1. 
All these Jk are ideals of C, and it is clear that 

(5.4.1) J, J„ C J,+„, (1-^"+'=) Jfc C (t;^"+'=-^) Jfc_, , J = 1, . . . , fc. 

If Jfe 7^ for some fc > 1, then by Lemma f5.1.2r ii) we have k[v] J^: = CendAf.g. If 
Ji Jm = 0, then k[v\Ji J„j = CendAr^g = and Jm = 0. Since Ji 7^ 0, 

the relation H5.4.1() implies Jk ^ for all fc > 1. It follows from Lemma l?).1.2f ii) that 
lk[f]o^fc = CendAr,Q for all fc > 1. In particular, k[ti] J„+i = CendAr,Q. But H5.4.1|) 
and 1.1(1 imply that Co = («-") J„+i is a conformal subalgebra of CendAr.g- If 
n > 1, then Co satisfies the conditions of Theorem l5.3.3l so Cq = CendAr.Q- 

In any case, we obtain that there exists a conformal subalgebra C C CendAf.g 
such that CendAT^Q = C © uC © • • • © w"C, n>l. 

Theorem 5.4.1. Let CendAf.g = C © wC © • • • © w"C. Then n = 0. 

Proof. Suppose that n > 1. For every a £ C we may consider a unique presentation 

i;("+i)a = ao -I- t;ai H h i;^"^a„, G C. 

Define the map x : C ^ C by the rule xi^) = Q-n- This is an injective H-linear 
map satisfying the conditions 

(5.4.2) x(a °m x) = x(a) °m x{x o„ a) = a; o„ x(a) - ^x o,„_i a 
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for a, a; G C, m > 0. Let us consider : C Cend^v.Q defined as follows: 

V'(a) = x{0') ~ '^0,1 a ^ C. 

This is an injective iJ-linear map, and iIj{C) n C = 0. The map ijj satisfies the 
following conditions: 

(5.4.3) V(a Om a;) = V(a) °m a:, il^{x o„^ a) ^ x Ora '4'{a), 

a,x ^ C, m > 0. 

Since CendAr^g — C(BvC(B- ■ • ©t;"C, we may extend ^p to the map -tp : CendAr^g 
Cendjv.Q by the rule V'(w'^a) = v''ip{a), k = 0, . . . ,n. It is easy to check that this ip 
satisfies H5.4.3|) for every a G C, cc S CendAr^g: 

ipia o„ x) = ■>Jj{a) o„ X = a o„ ?/j(x), 
■ip{x o„ a) = ipix) a ^ X o„ ipia), 

In particular, let us put x — f^^{Q), tpix) — '^{—D)^^'> ® Xt- Then for an 

arbitrary element a & C we have 

^{X Oq a) — X Oq ljj{a) — Tpix) Oq a. 

Hence, Qi}j{a) — Xqu, and we may conclude that 'ip{a) = Q~^XQa. Since ip is 
defined by ip{v''a) = v''ip{a), k = 0, . . . ,n, a G C, we may assume that ip{x) = 
Q~^Xqx for every x G Cendjv.g. In particular, it follows that ijjivx) = v'4){x) for 
every x G Cendjv.g- It is easy to conclude that 

(5.4.4) i>{x o„ y) = {p{x) ^{y), x,y e CendN,Q, m > 0. 

Also, "tp is an injective iJ-linear map. 

The only possibility for H5.4.4I) is 'ip — a id, a ^ k. Indeed, let us apply H5.4.4() 
for y — ip^^{Q) and x = eijy. Denote B = Q^^Xq G A/Ar(k(?;)), and consider 

4>{x) oo y = (1 Be^jQ)ip-\Q) = x oq ip{y) = (1 e,jQB)ip-\Q). 

In particular, we may conclude that 

(5.4.5) Be,jQ = e,jQB, 

so -B is a scalar matrix. 
Now, consider 

^{x)oiy = {I® Beijdy{Q))tp^'^{Q) ^ X oi{p{y) 

(5.4.6) = {l®eMQ)B)^-^{Q) + {l®e^jQd,{B))^-^{Q). 

It follows from itCTa . ifCT^ that Be,jdy{Q) = e^jd-uiQB) for all i,j ^1,...,N. 
Since _B is a scalar matrix in Afjv(k(w)), we obtain Bd^iQ) — dv{BQ), so B — aiN, 
a G k. Therefore, 'ip{C) C C, and C D vC 7^ in contradiction with n > 1. □ 

5.5. Associative conformal algebras with finite faithful representation. 

Let us compile the arguments stated above in order to prove the following 

Theorem 5.5.1. Let C C Cend^v he an irreducible conformal subalgebra. Then 
either C is a conjugate of Cur n or C = Cendjv,Q for some matrix Q G AfAr(k[w]), 
detQ^O. 
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Proof. It follows from Theorem 15 . 1 . II that k[?;]C = J2 ''^"C' = Cend7v,Q for a suit- 

n>0 

able matrix Q. If the sum is direct, then by Theorem l5 . 2 . 61 (7 is a conjugate of Cur at. 
If the sum is not direct, then Theorem 15.4.11 implies C n vC ^ 0, so C = CendAr.g 
by Theorem 15. 3. 31 □ 



Lemma 5.5.2. Let C ^ be an associative conformal algebra with a faithful rep- 
resentation of finite type. If {a Q C \ C o^^ a ~ 0} ~ {a ^ C \ a C = 0} = 0, 
then C could be embedded into CendA? for some N in such a way that every proper 
C-submodule ofV^ is not faithful. 

Proof. It is clear that C C Cendm for some m > 1 (see, e.g., [121 )■ Consider any 
descending chain of faithful C-submodules of Vm ■ 

(5.5.1) V,n^UiDU2^ ... 

It is easy to note (see, e.g., T, Lemma 2.1]) that there exists n > 1 such that for 
every fc > we have Un+k ^ fkUn for some fk G H. 

In particular, the i?-module Un/Un+k coincides with its torsion, so C [/„ C 
Un+k- Since the C-module C o^^ f/„ C Vm is faithful, it is a lower bound of the 
initial chain l|5.5.1|) in the set of faithful C-submodules of Vm- Hence, there exists 
a minimal faithful C-submodule U of Vm ■ Since U is finitely generated over H and 
torsion- free, U is isomorphic to Vat for some > 1. □ 



Theorem 5.5.3. Let C be a conformal algebra with a faithful representation of 
finite type. Then: 

(i) there exists a maximal nilpotent ideal 91 of C ; 

(ii) if C is simple, then C is isomorphic to either Cur^r or GendN.Q, det Q ^ 0; 

n 

(iii) if C is semisimple, then C = ® /«, where Is, s — I, . . . ,n, are simple ideals 

s=l 

of C , described in (ii). 

Proof, (i) Let ^ be a faithful C-module of finite type. First, consider the ascending 
chain of submodules Uk = {u £ V \ C'' u — 0}, k > 1. Since F is a Noetherian 
H-module, the i/-module V/Un is torsion-free for sufficiently large n > 1. In 
particular, V/Un is isomorphic as an iJ-module to Vn for a suitable N. The ideal 
/ = {a G C I C" a — 0} < C is nilpotent (or even zero), and C/I acts faithfully 
on V/Un. 

Therefore, it is sufficient to show that for every ascending chain of nilpotent 
ideals 

(5.5.2) /1C/2C..., /j < C C CendAT, j > 1, 

their upper bound IJ Ij is also nilpotent. 

j>o ___ 

Let us consider a chain H5.5.2|l of nilpotent ideals. Denote by rij {j > 1) the 
nilpotency index of Ij. Assume that the union of this chain is not nilpotent, so it 
could be conjectured that nj < nj+i for all j >1. 
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Since the iJ-module Vn is Noetherian, any ascending chain of submodules be- 
comes stable. In particular, 

h °uj Vn <^ h °uj Vn <^ ■ ■ ■ ^ Wi ^ Vat, j > h, 
II Vn (^IIo^Vn = W2 = /.f Vn, j > h, 



li IV C /| o„ C . . . = VKfe = /j= Vn, j > Ik, 

It is clear that Wi 3 W2 3 . . . , so there exists an integer fc > 1 such that Wk/Wk+j 
coincides with its torsion for every j > (see, e.g., [H Lemma 2.1]). Hence, 

(5.5.3) C o„ T^fe C W„^ for all m>k. 

Let us fix some m > k + 1. Since the sequence {fij} is assumed to be increasing, 
there exists a number p > max{lk,lm} such that Up > m. Then Wk — Ip °ui Vn, 
Wm = I'p °uj Vn- The relation (|5.5.3|l imphes 

C o„ Vn C Vn = 0, 

so 

n mp— m ^ rfe ^ T-Kp-m+fc+l 

u — ^p ^ ^p 

Therefore, we obtain the contradiction. 

(ii) It follows from Lemma 15 . 5 . 21 that C has an irreducible faithful representation 
of finite type. Theorem 15.5.11 implies that either C ~ Cur at or C ~ CendAr^g, 
det Q^O. 

(iii) By Lemma 15.5.21 we may assume that C C CendAr and every proper C- 
submodule of Vn is not faithful. 

Let U C Vn be a maximal C-submodule. Then / = ArmciU) = {a G C | a 
[/ = 0} 7^ is an ideal of C. 

Denote by J = Annc(/) — {a E C \ I a = 0} the annihilation ideal of / in C. 
Since C is semisimple, / fl J = 0. It is clear that J o^^ V^r C Anny„(/) = U since 
[/ is a maximal C-submodule. 

Now, note that Vn /U is an irreducible C-module, Vn /U is a faithful /-module, 
Vn /U is a faithful irreducible C/J-module. Since / could be considered as an ideal 
of C / J , we have C = I ® J , and I C j J has a faithful irreducible representation 
of finite type. 

By (i), / ~ Cur AT or / ~ CendAr g, det Q 7^ 0. It is clear that J is also semisimple, 
and J has a faithful representation of finite type. 

Therefore, every semisimple conformal subalgebra C of Cend™ could be pre- 
sented as C — I ® J , where / is simple and J is semisimple, / — Annc(J). Let 
us proceed with the decomposition and write C = /i ©•••©/„ J„ , where all Ij , 
j = 1, . . . ,n, are simple and J„ is semisimple, /i ® • • • © = Annc(Jn). Since 
Cendm is a (left and right) Noetherian conformal algebra, C satisfies a.c.c. for 
annihilation ideals. Hence, there exists a sufficiently large integer n > 1 such that 
J„ = 0. Then C = /!©■•■©/„. □ 



Corollary 5.5.4 (c.f. [HI \22\). Let C be an associative conformal algebra of finite 
type. If C is simple, then C ~ Cur at. If C is semisimple, then C is a direct sum 
of simple ideals. □ 
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6. Open problems 

Let us complete the paper with hsting some open problems closely related with 
the considered one. 

I. Describe all irreducible subalgebras of Mn{W) with respect to the canonical 
action on (lk[p])^. 

Theorems 14 . 1 . 21 and 15 . 1 . II describe the class of irreducible subalgebras of Mn{W) 
related with conformal subalgebras of CendAr. It is unclear, what would be the 
answer in general. 

II. Classify irreducible infinite type Lie conformal subalgebras of the Lie confor- 
mal algebra gc^ — Cend^\ 

Irreducible Lie conformal subalgebras of finite type were described in TT (see 
also [221 )• In it is conjectured that the following Lie conformal subalgebras of 
gCjv exhaust all (infinite type) irreducible Lie conformal subalgebras of gc^ up to 
the conjugation by an automorphism of CendAr (detQ ^ everywhere): 

gCw.Q = Cend^^; 
0CAr,Q = {aip^^{Q) I a € CendAr, a{a) = -a}, Q\-v) = Q{v); 
spc^Q = {atp^^lQ) I a € CendAr, o-(a) = a}, Q*'{-v) = -Q{v). 
Here a is the anti- involution of CendAr defined by the rule 9 

cr{h ® A{v)) = ^(-£i)('^)/i ® d'^A\v), h£H, A{v) e MAr(kH). 

s>0 

It is proved in 14 that every irreducible Lie conformal subalgebra of infinite type 
which is an sl2-module (with respect to the action of a Virasoro-like element of 
gc^) is of the type 0CAf,Q or spCAr^g- The result of 30 shows that the conjecture 
is true for simple irreducible Lie subalgebras that contain Cur(sl2). 

III. Describe finitely generated simple and semisimple conformal algebras of 
GePfand-Kirillov dimension one. 

This problem was partially solved in [241 1251 ISU] . The conjecture stated in the 
last paper says that CendAr^g, det Q ^ 0, exhaust all (finitely generated) simple 
associative conformal algebras of Gerfand-Kirillov dimension one. We believe it 
is true, although the similar statement does not hold for Lie conformal algebras: 
gc^ Q, ocn.q, spc j^ q, together with Curg (where g is a simple finitely generated 
Lie algebra of Gel'fand-Kirillov dimension one) is not a complete list of simple Lie 
conformal algebras of Gel'fand-Kirillov dimension one. 
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